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Introduction

The perturbation theory of Hamiltonian systems made a major step

forward with the introduction of the Lie transform technique by

Deprit [1] and described by Nayfeh [2]. A single scalar generating

function is calculated to give a canonical transformation of the Hamil-

tonian, the coordinates, and any function of the coordinates from old

to new or new to old coordinates. When the perturbations are periodic

along the unperturbed orbits, the Hamiltonian can be averaged, an

adiabatic invariant may exist, and the averaged equations of motion may

be considerably simplified. The invariants of the motion have played

a key role in many plasma devices and continue to be of interest for the

containment of plasma, the structure of magnetic surfaces in toroidal

devices, and the propagation of large amplitude waves for plasma heating.

Several Lie transforms appropriate to such problems are given by

McNamara [3,1], and a review of the theory of charged part

is given in ref. 11.

The algebra of the methods depends upon the three opel

cle motion

ators -

Poisson bracket, average along an orbit, and integral along an orbit.

A convenient form of the algorithm is described by Nayfeh [2], and we

have expressed it in the notations used by klcNamara [394]. The algo-

rithms and operators are not defined in the MACSYMA language [6] al-

though most of the algebraic manipulations of simplification, differ-

entiation, subscripting , and trigonometry are available. This paper

describes a MACSYMA program to implement the Lie transform algorithms,

in the simplest cases of fixed frequency perturbations, and demonstrates

that the pattern matching and user property definition capabilities are

sufficient to carry through these very different procedures.



The Lie Algorithms

Given a system of differential equations

x ‘f(X,c) ‘~+ ‘i(x)

the Lie Transform

derived system of

i=O

method produces approximations to a solution to a

equations,

m .

z 1
y =y(x,&) = E

— gi(x)i!

i=O

where the map from x to y“is a near identity transformation

al

Y =x+ z Ei
~ Xi(X,E) with inverse map

i=o “

The basis of the Lie Transform is the introduction of another set of

equations

Cn

C&(= z I

W(X,E) =
E

ds
— Wi(x) where X(E=O) = y.1

i=o ‘“ .

which are easier to solve for small e than the original system is to solve

for large t. As developed by Deprit [1] and presented in Nayfeh [2], this

method can be used in an algorithm for comPutin9 9i, xi, and wi given

f, and sufficient specifications on g or w.

In particular, the Lie Transform can be applied to the problem of finding

invariants of Hamiltonian systems:



Given a time independent Hamiltonian H

(>>

x
Ei

where p and q each are
H(P,q,&) = _ Hi(p>q)i! m-dimensional vectors in a

(p,Q) coordinate system Xi=(J

pick the generating function W

[1
Sp

w= s
Oq

for a new coordinate system Y = (P,Q) with Hamiltonian:

K(P,Q,E) =

SO that the Ki have

have

[-l
-aH
-@

f=
-aH
ap

o

z c’
~Ki(P,Q)
.

no terms involving

Y=
H
;
T

[-1
-aK
~Q

9=
-aK
aP

o

(P,Q also m-dimensional).

QI. In the previous notation, we

Thus, given H, the generating functions S and K, can be computed as well as
the coordinate maps

m

z . i
p(p,q,E) = p + P’(P,c!) ~

i=O

a

Q(P,q,E) =
Fi

Q +~ Qi(p,q) ~
.

i=~

and their inverses p(P,Q,E) and q(P,Q,E).
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As in Nayfeh [2], pp. 201-216, and McNamara [3], this particular case
leads to the following:

Ko(P,Q)= HO(P,Q)

= Hn(x,y) + ~~~

()

n-1
Tn(x,y)

[ 1Hn_j(x,y), Sj(x,y)
.= j-1

O
.

+ n-1 K
j j,n-j(x’y)

Sn= ii(Tr) Kn = av(Tr) Kj,i = PA]$jj~)h-myd
where [f,g] is the Poisson bracket operator

and ii and av are operators designed to remove ql terms from the Ki:

ii(f) =~0 ‘f(p,q) dql where y is the period of f in ql

j-(av(f) = f - ii(f))dql

The inverse transform from (P,Q) to (p,q) is defined by

m

z i
q(P,Q) = “d(PSQ)fi.

i=Cl

UJ

x

i
p(P,Q) = Pi(p,Q) :

i=(J
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where:

~o ‘Q d’
Wn
ap

+

J=l
‘j ‘n-j

and

~o=p

where P.
J,i

is of a form similar to q. “
J,i

The transform from (p,q) to (P,Q) is given by

n-1 n
Pn = -pn +

2 ()
j P“J ,n-j

j=l

n-1 n
Qn = -d’ +

2 ()
“ q“J ,n-j

j=, J

.

.
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Description of Procedure

A series of MACSYMA [4] routines were written to compute and print

order by order the transformed Hamiltonian K, the generating function S,

and the coordinate maps. The programs were designed to be used in the

following way:

a) Upon starting up MACSYMA, load the file containing the LT routines.

b) Enter the Hamiltonian H (as a finite series in powers of epsilon)

and two lists describing the name and dimensionality of the origin (X) and

traget spaces (Y) of the transform.

c) Call the main procedure lieproc specifying among other parameters,

the order g describing the number of orders to which the transform is to be

computed. Once called, the routine calculates and prints its results non-

interactively until it completes order flor encounters an error condition.

Since MACSYMA runs interactively, extensive editing, interruptions, expres-

sion, manipulation, etc. are possible before, during, and after the computa-

tion. See Appendix A for an example of a sample MACSYMA session invoking the

LT procedures. Appendix B contains the program listings for the routines

involved.

Performance

Since MACSYMA is currently supported only on the Macsyma Consortium

system (available through the DCA Arpanet at the Massachusetts Institute of

Technology’s Laboratory for Computer Science, in Cambridge, Massachusetts),

discussion of the actual performance of the routine will be limited to the

Consortium’s computer, a Decsystem-10 (KL Model). This machine has a basic

instruction cycle of approximately 700 nanoseconds, with approximately

128,000 36-bit words of primary storage available to MACSYMA users for their

programs and data. Since the MACSYMA system is written in LISP, part of

the execution time is spent doing LISP “garbage collection”, as opposed to

execution of MACSYPIA programs. .

Table I contains timing and space requirements for the computation to

fourth order for the simple Hamiltonian

.

.

H (P,q) = PI + (P1 + P2) [1 - cos (2ci [ql + q21) sin (ql + q2)l
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TABLE I

Expression Order Time to compute Size of expression+

(in seconds).

s 1 10 649.

2 190 2836

3 417 6808

4 2910 16135

qi 1 6.8 2279

2 276 7254

3 * *

4 * *

+ Measured in number of characters (print length in expression when saved

as a MACSYMA SAVE file. Intended as rough measure of size.

* Computation unable to proceed at this point -- out of memory,

The present structure of the program is sufficient to allow imple-

mentation of LIEPROC for the case of Hamiltonians with resonant denominators

(see McNamara [4]). However, the program currently suffers from two limitations:

poor utilization of functional identities (simplification of functional

expressions), and inherent space limitations on the size of expressions in the

PiACSYFiAsystem. We discuss each of these problems and the prospects for their

solution individually.

LIEPROC evaluates where it could save time by,instead of simplifying

functional expressions, using rules such as the Jacobi Poisson bracket identities

. and the ii and av operator algebra identities (see McNamara and Mhiteman [9]).

The problem is that MACSYMA is geared toward the manipulation of general

. mathematical expressions (e.g. 2*a + a simplifies into 3*a); it is harder to

have MACSYMA simplify functional expressions-e.g. in LISP/MACSYMA notation

(lambda (x) x) + (lambda (x) 2* X)
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simplified into (lambda(x) 3*x) or 3* (lambda(x) x). Since functional

expressions are the primary result of the Lie Transform (S , K , P , Q, p and

q are all functions in the current implementation), future improvements in

speed are to be expected when functional simplification rules are included

in the code. Alternatively, one could strip away functional notation from

the algorithm wherever possible, reducing the functional simplification

process to the easier case of ordinary algebraic simplification. This would

put the results of the program in a technically incorrect form (an “abuse of

notation” convention would be imposed upon the user). Adopting this scheme

would also force the evaluation of all functions before simplification,

which a functional simplification scheme would avoid.

The other, more serious problem encountered during LIEPROC calculations

is the space (memory) reequirements of the computation. Currently, the

memory space available for expressions (approximately 70,000 words) is

exceeded for calculations involving all but the most trivial Hamiltonians

beyond third order. To overcome this limitation an exhaustive system of

collecting similar trigonometric terms of intermediate expressions in the

computation (routines TRIGCRUNCH and COLLECTERMS) was implemented. Having

such algebraic reduction was found to be very time consuming, so limiting

conditions were placed upon when collection of terms was performed. (The

user-definable parameters CTLENGTUNE and TCTUNE can be used to narrow the

conditions under which term collection is performed, although in a

statically defined way.) Presumably a more sophisticated LIEPROC would

simplify only at appropriate times, on-the-fly.

Another way to reduce space requirements in the computation is to use a

more compact representation of the class of expressions found in LIEPROC

computations. In [7], Gustavson describes a Hamiltonian problem where

special encoding of multivariate polynomials of pre-determined degree and

number of variables enabled the rapid calculation of symbolic integrals

involving polynomials up to degree eight. However, this approach can be

exploited only if enough is known about the kind of expressions to develop

an efficient general encoding scheme. We could not use Gustavson’s scheme

nor the built-in MACSYMA facilities for handling multivariate Poisson series

(see Fateman [82 ) because they were too limited for the generality of our

problem (non-polynomial terms, possibly more than six variables). We feel

that the effort involved in developing such a special representation is not
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worthwhile at this stage of the development of Lie Transform-based programs

even assuming that the class of Hamiltonians of interest would make this

feasible and attractive.

Despite the possibilities of greater space and time efficiencies within

the current context, the intrinsic intermediate expression swell (and for

the coordinate transformations, final expression swell) in computations

such as the example mean that the current MACSYMA memory limits will be

exceeded in any case after a few more orders beyond that already possible.

The alternatives for solving this problem are at the next level ofdiffi-

Culty - implementing a means by which parts of expressions can be placed

secondary storage while not needed, or to implement a larger address space

for MACSYMA on the present or an alternative model of computer (such as

the DEC VAX, or the produce of MIT’s LISP machine project [10]. Both

require major system alterations. Nevertheless, removal of the present

roadblocks is not technically infeasible, and it should be possible to

carry the LIEPROC computation to higher orders in.the near future.

The program can be readily extended to handle all the techniques des-

cribed by McNamara [4] and to handle the several preliminary steps of

canonical transformation usually required to put a Hamiltonian system

into standard form. The program is very general, and therefore not optimal

for the simplest cases, and only reaches fourth-order before MACSYMA runs

out of memory. This is more than adequate in plasma physics applications

and the program could be tuned to the special features of particular

examples to go to much higher order. The super convergent transforms [4]

have not been implemented and would be another way of getting to very high

order - 128 in six transforms.
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Appendix A

USAGE OF PROCEDURE LIEPROC

1. Login in to the Macsyma system (via the ARPA network*).
Then start up a Macsyma by typing: MACSYMA

.—

. .

2. Load the programs for the lie transform by typing

“batch (lietes ,?>, dsk, bwcucb) $“

After several seconds, teletype will respond,

/*End of input*/

3. Then enter three

They are:

parameters necessary as input for procedure lieproc. .

*connection to the ARPA network from LLL can be through LLL-UNIX on site,
or via the Ames TIP.
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The Hamiltonian Function (H)

The Hamiltonian should be of the form

k
H(x,y): = cix Qi (X,y) fi

i=0

x and y may be names of vectors (but if so,

dimension). Each ~i is a Scali

Example A

The user enters a one line def

r function.

must be of the same

Kmust be finite.

nition of a Hamiltonian:

(C1OO) H(p,q) = p[l] + cos(alpha *q[l] +q[2])* epsilon $

Here Oo(p,q) = p, (first component of p)

Ql(p,q) = Cos (~ *q, +Ciz)

‘i(p,q) = O, for i > 1

Example B

The user enters a multi-line definition of a Hamiltonian, defining

an array of functions, omega, which are used in the definition

of the Hamiltonian:

(C1OO) omega [i] (u~j):= (u[l]+ u[2])* cos (i*(v[l] + v[2])

+ alpha*v~3]) $

(C101) G(u,v): = u[l] + ep*omega[l](u,v)

+ ep~3*omega[3](u,v)/3! $

HereOo (u,v) = u,

01 (u,v) = omega[l](u,v) = Cos (Vl + V2 + UV3)(U, + U2)
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‘2 ‘o

Cl@9v) = omega[3](u,v)

= (u, + U2)COS (3(V1 + V2) + av3)

Description of domain and range spaces for the transform_ (origin)--—---......— — -—— -——-
and target). The domain and range spaces each are described

as a list of the form

[vectornamel , dimens

Example C

The user enters:

on, vectorname2, dimenson]

(C102) origin: [LILP2,LILQ,2] $

(C103) target: [BIGP,2,BIGQ,2] $

After entering these lines, the user can refer to the lists as “origin”

and “target” respectively. Due to the nature of the lie transform, all

vectors in origin and target spaces must have the same dimension. The

dimensions entered must be numbers or variables with a numeric value, not

symbolic constants.

4. The lie transform procedure LIEPROC can now be called, giving as

parameters to it:

a) Name of Hamiltonian

b) How many orders to which the transformation should be computed

c) The name of the domain space of the transform

d) The name of the range space of the transform

e) The name of the small parameter

Example D

The user enters:

(C104) lieproc(H,2,0ri gin,target,epsi ion) $

after entering lines from Examples A and C above.
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5. The output of lieproc

output
.

(K. is

. 1. a)

b)

2. a)

b)

is then generated, order by order, starting with order 1

fio, by definition):

Si , thei-th order term of the generation function S in

the form of ii(function). The ii operator is then

evaluated, and

the result of the evaluation (a function) is output

Ki thei-th order term of the transformed Hamiltonian in

the form of av (function).

The result of evaluating av,

3. qi: an expression indicating q as a function of P and Q

(i-th order inverse transform).

4. Qi: an expression indicating Q as a function of p and q

(i-th order transform).

5. pi: p as a function of P and Q (i-th order inverse transform).

6. Pi: Pas a function of p and q (i-th order transform).

Thus , .W
q=Q+ x + qi (P,Q)

i=l “

.
m

p=P+ I # pi (P,Q)
i=l .

.
m

Q=q+ X ~ Qi (p,q)
i=l .

m .
p=p+ x # p’ (P$q)

i=l .

.w

s(x,y,~) = i:, ~ Si(x,y)
.

.
m

K(x,y,e) = ~o(X,y) + X # Ki(x,y)
i=l “
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6. To leave Macsyma, and/or log out

a) To leave Macsyma one should type quit ()$.

b) To leave Macsyma and logout of the system, type:

i) control-% (echoed as A %)

ii) :logout (CR)

iii) @C (CR)

Error Diagnostics

Error messages indicating Macsyma’s inability to properly handle

a parameter that was input may mean that the parameter was ill-defined.

If such

a)

b)

c)

Type

They

an error occurs, a fresh Macsyma can be loaded by

typing :quit () $

typing :Macsyma (CR) again

loading the 1

Messages such as

ALL; NONE; or a “

e programs again (see step 2)

“You have run out of LIST space, do you want more?

evel no.” should be responded to by typing ALL;

indicate that the Macsyma system wants to allocate more memory

towards one segment of the problem.

Messages such as “LIST storage capacity exceeded,” or “CORE OUT”

indicate that the size of expressions involved in the computation

have gotten so large that the program has run out of all available

memory. Unfortunately, there is little to be done about this, and it

must be regarded as a fatal error.

NOTICE

Reference to acompany orproduct

name does not imply approval or
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~heir,employees, makes any warranty, express or
!mplted, or assumes any legal liability or respon-
sibility for the accuracy, completeness or
usefulness of an information, apparatus, product

“ror process disc osed, or represents that its use
would not infringe privately-owned rights.”





K IS A’J(LA!!RDA([p, Cl, -(F+P)SIN(Q -Q)
2 1 2 1

(1 - C.0S(2 (Q + Q ) ALPHA))))
21

EKU ( P , Q ):-
1

LILQ’ ( BP , PO ):-

COS(2 RQ ALFPA + 2 ?30 ALPHA + RO -BQ)
2 1 2 1

(ES) [- ------------------ -------- ---------------- -
2 (2 ALPHA - 1)

COS(2 BQ ALPHA + 2 BQ ALPHA - BQ + BQ )
2 1 2 1

+ ------- ------- ------- ------- ------- ------- - COS(BQ - BQ ),
2 (2 ALPHA + 1) 2 1

COS(2 @Q ALPNA + 2 I!@ ALPHA + BQ -B?)
2 1 2 1

- -------- -------- -------- -------- -------- --
2 (2 AL2’NA - 1)

COS(2 BQ ALPHA + 2 BQ ALPNA - BO + BQ )
2 1 2 1

+ ------- --------------- --------------------- - COS(BQ - BQ )1
2 (2 ALPPA + 1) “2 1

8Q1 ( LILP , LILC ):-

COS(2 LILQ ALPIIA + 2 LILc ALPHA + LILQ - LILQ )
2 1 2 1

(E6) [---------------- ------------------------ ----------
2 (2 ALPHA - 1)

COS(2 LILO ALPVA + 2 LILQ ALPHA - LILQ + LILQ )
‘2 1 2 1

- -------- -------- -------- -------- -------- -------- -- + COS(LILQ - LILQ ),
2 (2 ALPIIA + 1) 2 1

COS(2 LILQ ALPHA + 2 LILn AL P1lA + LILQ - LILQ )
2 1 2 1

---------------------------- ------------------ -----
2 (2 ALPNA - 1)

COS(2 LILQ ALPHA + 2 LILQ ALPHA - LILQ + LILQ )

‘2 1 2 1
- --------- -------- -------- ---------------- --------- + CO S(LILQ - LILQ )]

2 (2 ALPHA + 1) 2 1

(C120) BA’TCII(NAMIL4,>)$

(C121) /*TEST HAMILTONIAN */

H(p, Q)i-P[l J+EP*oHEcA(P, Q)$

(C122) Ol!ECA(P, Q):-(P(l l+P[2])*(l-COS (2*ALPllA*(Q [ll+Qt2] )))
*s IN((Q[ll-Qr21))

$

(C123) /*DESCRIPTIONS OF ORIGIN AND DE STIIiATION SPACES*f

ORIGIN: [LILP,2, LILQ,2]$

(C124) TARGET t{BP,2, BQ,2)$

(c125) /*pARAF4ETERs c0NTRoLLI14c THE AMOUNT OF TRIcONOMETRIC TERH COLLECTION*/

CTLENCTUNF.:40$

(C126) TCTUNE\3$

(C128) LIEPROC(H,2,0RICIN,TARGET,EP)$
(LILP, LILQ1 (BP, EQI
ORDER 1 TERMS ARE--

s Is II(LAMBDA([P, Q], -(P +P)SI!4(C -Q)
2 1 21

(1 - C0S(2 (Q + Q ) ALPHA))))
21

ISOLAT FASL 2WK FAXOUT being loaded
Loading done

TRGRE21 PASL DSK MACSY)! being loaded
Loading done

SCHATC FASL DSK MACSYM being loaded
Loading done

8TATUS FASL DSK MAXOUT bein$ loaded
Losding done
ESU ( P , Q )1=

1

(P +P)COS(2Q ALPNA+2Q ALPHA+Q -@)

(E3) - --~----~---------~------------!----------!----:-
2 (2 ALPHA - 1)

(P +21 )coS(2Q ALPHA+ 2QALPHA-Q+Q)
21 2 1 21

+ ------------------------------------------------ - (P +P)cOS(Q -Q)
2 (2 ALPHA + 1) 21 21



.

ORDER 2 TER!!s AR E--

.

S.ILP ( BP , BQ ):-

BINO!IL FASL DSK t!ASCIUTbein~ loaded
Loading drine

PROI)CT FASL IISK !!AXOUT being loaded
Loadin8 done
S IS II(LAf!BDA([P, Q],

2
2 (e + P ) ALP}!A COS(2 C/

2
ALPPA + 2 Q ALPHA + 2 Q -2Q)

1 2 1 2 1
- -..------- -------- -------- --------- .------------------------ ---

2 ALPHA - I

2
2 (P + P ) ALPHA COS(2 Q ALPHA “+ 2 Q ALPHA - 2 Q +2Q )

2 1 2 1 2.1
+ -------- --------- -.------ -------- -------- --------------------

2 ALPIIA + 1

2
b (P + P ) ALP}!A COS(2 Q ALPHA + 2 Q ALPHA)

2 1 2 1
+ -----.- ------- ------- ------- ------- ------------

(2 ALPHA - 1) (2 ALPHA + 1)

2 2
h (P + P ) COS(2 Q - 2 Q ) ALPHA 4 (P + P ) ALPHA

2 1 2 1
+ ---.-.---------L -------------------

(2 ALPHA - 1) (2 ALPHA + 1)
- ;y~:----:-------------))

- 1) (2 ALPHA + 1)

ESU ( P , Q ):-
.2

(P + P ) ALPHA2 SIN(2 Q ALPNA + 2 Q ALPllA + 2 Q - 2 Q )
2 1 2 1 9 t

(E9) - ------------ .....-.-----.-.-----.---..--.--...----.------:-
(ALP}?A - 1) (2 ALPSSA - 1)

2
(P + P ) ALPHA SIN(2 Q ALP]IA + 2 Q ALPHA - 2 q + 2 Q )

2 1 2 1 2 1
----.--- -------- -------- --.----- ---------------- -------- ---

(ALPNA + 1) (2 ALPHA + 1)

2 (P + P ) ALPHA SIN(2 Q ALPHA + 2 Q ALPSIA)
21 2 1

------- --------------- ------- -------------- ---
(2 ALPNA - 1) (2 ALP1!A + 1)

2
2 (P + P ) sIN(2 Q - 2 Q ) ALPHA

2 1 2 1
- ------- ------- ------- ------- -------

(2 ALPHA - 1) (2 ALPHA + 1)

(BP + BP ) SIN(2 BQ ALPHA + 2 BQ ALPISA + BQ - BQ )
2 1 2 1 2 1

(E7) [- -----.-- -------. -------- ---------------- -------- ------

2

(RP + BP ) SIN(2 BQ ALPHA + 2 BQ ALPHA - BQ + BQ )
2 1 2 1 2 1

+ -------- -------- -------- ---------------- --------------
2

+ (BP + BP ) SIN(BQ - BQ ),
2 1 2 1

(BP + BP ) (2 ALPHA + 1) SIN(2 BQ ALPHA + 2 BQ ALPHA + BQ - BQ )
2 1 2 1 2 1

- ---------------- ---------------- -------- ------------------------ ----

2 (2 ALPHA - 1)

(BP + BP ) (2 ALPHA - 1) SIN(2 BQ ALPSSA + 2 RQ ALPHA - BQ
2 1

+BQ)
2 1 2 1

+ ------------------------ ------------------------ -------- ------------

2 (2 ALPHA + 1)

- (BP + BP ) SIN(BQ - BQ )]
2 1 2 1

1
BP ( LILP , LILQ ):-

(LILP + LILP ) s1N(2 LILQ ALpHA + 2 LILQ ALPHA + LILQ - L:LQ )
2 1

(ES) [
2 1 2 1

-------- -------- -------- ------..---=----- -------- -----.-- -------- --

2

(LILP + LILP ) SIN(2 LILQ ALPSSA + 2 LILQ ALPHA - LILC + LILQ )
2 1 2 1 2 1

- ---------------- -------- -------- -------- -------- -------- --.----- --

2

- (LILP + LILP ) sIH(LILQ - LILQ ),
2 1 2 1

(LILP2 + LILP1) (2 ALPHA + 1) SIN(2 LILQ ALPHA + 2 LILO ALPHA + LILQ
2

- LILQ )/(2 (2 ALPHA - 1)) - (LILP + LIS,P ) (2 ALpNA
1 2 1

SIN(2 LILQ ALrHA + 2 LILQ ALPHA - LILQ + LILQ )/(2
2 1 2 1

+ (LILP + LILP ) SIN(LILQ - LILQ )]
2 1 2 1

1 2

- 1)

(2 ALPIIA + 1))

d
w



2
LII.Q ( BP , @q ):.

SIN(4 RQ ALPHA + 4 PQ AL2wA + 2 RQ -2BQ)
2 1 2

(I?ll) [-
“1

-------- ------------------------ --------------

4 (2 AL2’NA - 1)

SIN (.4BQ ALPHA + 4 BQ ALPHA - 2 BQ
2

+2BQ)
1 2 1

- --------- -------- -------- ----.--- -------- -----

4 (2 ALPHA + 1)

AL Pl!A STY(4 BC ALPNA + 4 RQ ALPNA)
2 1

+ ---------------- --------------------

(2 ALPHA - 1) (2 ALPHA + 1)

(2 AL PI!A2 - 2 ALPNA + 1) SIN(2 BQ ALPHA + 2 BQ ALPHA + 2 BQ - 2 BQ )
2 1 2 1- --------------------------- ---------- --------------------------- -------

(ALPHA - 1) (2 ALPHA - 1)

(2 AL PIIA2 + 2 ALPl!A + 1) SIN(2 PQ 1.LPHA + 2 BQ ALPHA - 2 BQ + 2 BQ )
2 1 2 1

+ -------- -------. --.------------ ”-------- ------------------------ -------

(Alpha + 1) (2 AtPnA + I)

2
SIN(2 BQ - 2 Bf)l) (4 AL2’NA - 3)

2
+ ---------------- .------- -------- -,

2 (2 ALPNA - 1) (2 ALPHA + 1)

(2 ALPI!A + 1) SIN(4 BQ ALPHA + 4 BQ ALPttA + 2 BQ - 2 BQ )
2 1 2 1

- -------- .------- -------- ---------------- --------------------

+

2
4 (2 ALPHA - 1)

(2 ALPNA - 1) SIN(4 PQ ALPHA + 4 BQ ALPHA - 2 BQ + 2 BQ )
2 1 2 I

-------- .------- -------- -------- ---------------- ----s--- ----
.
L

4 (2 ALPHA + 1)

ALPNA SIN(4 BQ ALPHA + 4 BQ ALPHA )
2 1

-------- ------------------------ ----

(2 ALPNA - 1) (2 ALFNA + 1)

2
(2 ALPHA - 1) SIN(2 IIQ ~LP1lA + 2 SQ ALPHA + 2 BQ

2
-29Q)

1 2 1
-------- -------- -------- -------- ---------------- -------------

(ALpNA - 1) (2 ALPHA - 1)

K IS AV(LAM21DA( [P, Q],

2 (P + P ) AL P12A2 COS(2 O ALPHA + 2.Q1 ALPNA + 2 Q
2 1 2

-2Q)
2 1

- ---------------- -------- ------.- ------------------------ -----

2 ALP2?A - 1

2
2( P+ P) ALpHAc0s(2QALPRA +2q AtpHA-2q+2Q)

21 2 1 2 1
+ -------------------------------------------------------------

2 ALPUA + 1

2
4 (P + P ) ALPHA COS(2 Q ALPHA + 2 Q ALPKA)

21 2 1
+ -----------------------------------------------

(2 ALPHA - 1) (2 ALP22A + 1)

4(P +P)COS(2Q -2 Q) ALpKA2
2

4 (P + P ) ALPHA
21 2 1 2 1

+ ----------------------------------- -
(2 ALPKA - 1) (2 ALPt2A + 1)

;;-;;;; ;-------------------))
- 1) (2 ALPHA + 1)

EKU(P,Q):-
2

(Elo)

2
4 (P + P ) ALP12A

21
- ---------------------------

(2 ALP12A - 1) (2 ALPHA + 1)

N
o



. .

2
(2 ALP!!A - 1) SIN(2 BQ ALPHA + 2 SIQ ALPHA - 2 BQ + 2 BQ1)

2 1 2
+ -----.-.-----------.------------.---.-----------------""-----

(ALPHA + 1) (2 ALPHA + 1)

3 SIN(2 BQ - 2 BC )
2 1

- ------------ --- --- ~-1
2

RQ2 ( LILP , LXLC ):-

S1!!(4 LILQ ALPHA + h’LII.Q ALPRA + 2 LILQ - 2 LILQ1)
2 1 2

(s,12) [2 (- ------------------------ ------------------------ ------

+

+

4 (2 ALPHA - 1)

SIN(4 LILQ ALPHA + 4 LILQ ALpHA - 2 LILQ2 + 2 LILQ1)
2 1

-------- -------- -------- -------- ---------------- ------
4 (2 ALPHA + 1)

ALPHA SIN(4 LILQ ALPHA + 6 LILQ ALPRA)
2 1

-------- ---------- ---------------- ------
(2 ALPHA - 1) (2 ALP1!A + 1)

(ALPHA - I) SIN(2 LILC ALPHA + 2 LILQ ALPHA + 2 LILO - 2 LILQ1)
2 1 2

-------- -------- -------- -------- -------- ------------------------ --
2 ALPHA - 1

(ALPHA + 1) SIN(2 LILQ ALPHA’+ 2 LILQ1 ALPRA - 2 LILQ2 + 2 LILQ1)
2

------------------------ ---------------- -------- ---------------- --
2 ALPHA + 1

2 ALPHA SIN(2 LILQ ALPHA + 2 LILQ ALPHA)
2 1

--------- --------------------------- ------
(2 ALPHA - 1) (2 ALPHA + 1)

2

SIN(2 LILQ - 2 LILQ ) (8 ALPHA - 3)
2 1

-------- -------- -------- ------------- )
2 (2 ALPHA - 1) (2 ALPHA+ 1)

SIN(4 LILS) ALPHA + 4 LILQ ALPHA + 2 LILO - 2 LILQ )

2 1 2 1
------------------------ ------------------------ ------

4 (2 ALPHA - 1)
!

+

+

+

SIN(4 LILQ ALPHA + 4 LILQ ALpIIA - 2 LILQ + 2 LILQ ~

2 1 2 1
-------- ---------------- ---------------- --.----- ------

4 (2 ALPHA + 1)

ALPHA SIN(4 LILQ ALPHA + 4 LILQ ALPHA)
2 1

------------------ ----------- -~--.---- --

(2 ALPHA - 1) (2 AI*PNA + 1)

(2 ALPHA* - 2 ALPHA + 1) SIN(2 LILQ ALPHA + 2 LILQ ALpsiA + 2 LILQ
2 1 2

2 LILQ )/((ALPHA - 1) (2 ALpHA - 1))
1

(2 ALPHA2 + 2 ALPHA + 1) SIN(2 LILQ ALPHA + 2 LILQ ALPF!A - 2 LILQ

2 1 2

2 LILQ )/((ALPHA + 1) (2 ALPHA + I))
1

2
SIN(2 LILQ - 2 LILQ ) (4 ALPHA - 3)

2 1
-------- -------- --.----- -------- -----.

2 (2 ALPHA - 1) (2 ALPHA + 1) -

(2 ALPHA + 1) SIN(4 LILQ ALPHA + 4 LILQ ALPNA + 2 LILQ - 2 LILQ )
2 1

,2 (-
2 1--------------------------- --------------------------- --------------

2
4 (2 ALPHA - 1)

(2 ALPHA - 1) BIN(4 LILQ ALPHA + 4 LILQ ALPNA - 2 LILQ + 2 LILQ )
2 1 2 1- ---------------- ---------------- -------- ---.---- ---------------- ----

2
4 (2 ALPHA + 1)

ALPHA BIN(4 LILQ ALPHA + 4 LILQ ALPHA)
2 1

+ ----------------------------------------

(2 ALPHA - 1) (2 ALPHA + 1)

(ALPHA + 1) SIN(2 LILQ ALPRA + 2 LILQ ALPHA + 2 LILQ - 2 LILCI )
2 1 2 1

- ----------------- -------- -------- -------- -------. -----.-- -------- .-

2 ALPHA - 1

(ALpHA - 1) SIN(2 LILQ ALPHA + 2 LILQ ALPHA - 2 LILQ + 2 LILQ )
2 1 2 1+ -------- ---------------- ------------------------ ~------= ----------

2 ALPHA + 1

2 ALPHA SIN(2 LILQ ALPI?A + 2 LILQ ALPHA)
2 1

- --------------------------- ---------------

(2 ALPHA - 1) (2 ALPHA + 1)

N



+

+

+

+

2
SIN(2 LILQ - 2 LILQ ) (8 ALPHA - 3)

2 1
-------- ------------------------ ----- )

2 (2 ALPHA - 1) (2 ALPHA + 1)

(2 ALPHA + 1) SIN(6 LILQ ALPHA + 4 LILQ ALPHA + 2 LILQ - 2 LILQ )
2 ‘2 2 1

------------------------- -------------------------- -------- -----------
2

4 (2 ALPHA - 1)

(2 ALPNA - 1) SIN(4 LILQ ALPNA + 4 LILQ ALPHA - 2 LILQ + 2 LILQ )
2, 1 2 1

------- -------------- ------- ------- ------- --------------------- -----
2

4 (2 ALPHA + 1)

ALPHA S1S(4 LILQ ALPHA + 4 LILQ ALpNA)
2 1

-------- ----------------- ----------------
(2 ALPHA - 1) (2 ALPNA + 1)

.
(2 ALPHA< - 1) sIN(2 LILQ ALPHA + 2 LIL(! ALPHA + 2 LILQ - 2 LILQ )

2 1 2 1
-------- -------- -------- -------- -------- ---------------- -------------

(ALPNA - 1) (2 ALPRA - 1)

(2 ALPNA2 - 1) SIN(2 LILq ALPHA + 2 LILQ ALP?IA - 2 LILQ + 2 LILQ )
2 1 2 1

-------- -------- -------- -------- ---------------- -------- -------------
(ALPNA + 1) (2 ALp~A + 1)

3 SIN(2 LILQ - 2 LILO )
2 1

------------------------ 1
2

2
LLLP ( BP , BS! )3=

(EP + RP ) (Z ALPHA + 1) co5(4 BQ ALpllA + 4 BQ, ALs’~A + 2 BQ - 2 nQ1)
2 1 2 2

[- -------- -------- -------- ---------------- ----------------- -------- --------
2

4 (2 ALPRA - 1)

(BP + BP ) (2 ALPliA - 1) cOS(4 SQ ALPHA + 4 BQ ALPHA - 2 BQ + 2 BO1)
2 1 2 1 2

+ -------- -------- ---------------- -------- ---+---- -------- ----------------
2

4 (2 ALPIIA + 1)

(;P + BP ) COS(4 BQ ALPHA + 4 RQ ALPHA)
2 1 2 1

- --------- ---------------------------- -----
2 (2 ALPHA - 1) (2 ALPHA + 1)

2
+ (BP + BP ) (4 ALPHA - ALPRA - 1) COS(2 BQ ALPNA + 2 BQ ALPHA + 2

2 ‘1 2 1

2
~ 2 BQ )/(2 ALPNA - 1) - (BP + BP ) {4 ALPHA + ALPNA - 1)

1 2 1,

C0S(2 BQ ALPHA + 2 RQ ALPHA - 2 BQ + 2 BCI )/(2 ALPRA + 1)
2 1 2 1

2
2 (BP + BP ) (2 ALPNA - 1) COS(2 llQ ALPHi + 2 !JO ALPHA)

2 1 2 1
- ------------------------ -------- -..---------------------- ---

(2 ALPHA - 1) (2 ALPHA + 1)

(BP + BP ) (64 ALPHA4 - 12 ALPMA2 + 3)
2 1

+ --------------------------- ------------

2
2 (2 ALPRA - 1) (2 ALPHA + 1)2

2
3 (BP + BP’) COS(2 BQ -2BQ ) (8ALP21A - 1)

2 .1 2 1
- ----------------------------- ----.-------------,

2 (2 ALPHA - 1) (2 ALPHA+ 1)

(BP + BP ) COS(4 BQ ALPPA + 4 BQ ALPHA + 2 BQ - 2 210 )
2 1 2 1 2 1

--------------------- ---------------------------- ---------
4 (2 ALPNA - 1)

(BP + BP ) COS(4 BQ ALPRA + 4 BQ ALPHA - 2 BQ + 2 BQ )
2 1 2 1 2 1

- ---------------------------- ---------------------------- --

4 (2 ALPHA + 1)

(BP + BP ) COS(4 BQ ALPHA + 4 B@ ALPSIA)
2 1 2 1

- --------------------------- ---------------

2 (2 ALPRA - 1) (2 ALPUA + 1)

+ (BP + S4P ) (ALPIJA + 1) (4 ALPtlA2 -
2 1

COS(2 BQ ALPHA + 2 BQ ALPHA + 2 SQ
2 1 2

- (Bp + BP ) (ALPNA - 1) (4 ALFHA2 +
2 1

COS(2 BQ ALPHA + 2 RQ ALPHA - 2 SQ
2 1 2

2

3 ALP12A + 1)

- 2 BO )/((ALplIA - 1) (2 ALPHA -
1

3 ALPHA + 1)

+ 2 RQ )/((ALPfIA + 1) (2 ALPIIA +
1

2 (BP + BP ) (2 ALPNA - + 1) COS(2 BQ ALPHA + 2 90 ALPHA)
2 1 2 1

+ -----------------------------------------------------------
(2 ALPHA

,E
- 1) (2 ALPHA + 1)

,



.

4 ?
(Pr + BP ) (64 AI, PIIA + b ALPHA + 3)

2 1
+ ---------------- -------- -------- ------

2
2 (2 ALPHA - 1) (2 ALPIIA + 1)2

2
(BP + BP ) COS(2 BC - 2 B@ ) (8 ALPHA - 3)

2 1 2 1
- -------------- -------------- ----------------- 1

2 (2 ALPHA - 1) (2 ALPHA + 1)

2
BP ( LILP , LILq ):-

(E14) [2 (- (LXLP + LILP ) (2 ALPHA” + 1)
2 1

2

COS(4 LILC ALPHA + ~ LILQ ALpEA + 2 LILQ - 2 LILQ )/(4 (2 ALpwA - 1) )

+

+

+

2 1 2 1

(LILP + LILP ) (2 ALPHA - 1) COS(4 LILQ ALPHA + 4 LILQ ALPHA - 2 LILQ
2 1 2 1 2

2
2 LILQ )/(.4 (2 ALpHA + 1) )

1

(LJLF + LILP ) COS(4 LILQ ALPHA + 4 LILQ ALPHA)
2 1 2 1

--.----- -------- -------- -------- ------------------
2 (2 ALP1!A - 1) (2 ALPHA + 1)

(LILP + LILP )
2 1

COS(2 LILO ALPHA
2

- (LILP + LILP )
2 -1

COS(2 LILQ ALP}!A
2

(ALPHA - 1) (2 ALPHA + 1)

+ 2 LILQ ALPHk + 2 LILQ - 2 LILQ )/(2 ALP1!A - 1)
1 2 1

(ALPHA + 1) (2 ALPHA - 1)

+ 2 LILQ ALPHA - 2 LILQ + 2 LILQ )/(2 ALPHA + 1)
1 2 1

2 (l,ILP + LILP ) C13S(2 LILQ ALPliA + 2 LILQ ALPMA)
2 1 2 1

+ ----------------------------------------------------
(2 ALPHA - 1) (2 ALPliA + 1)

4 2
(LILF + LILP ) (64 ALPHA - 12 ALPHA + 3)

z 1
+ -------- -------- -------- -------------------

2 2
2 (2 ALPHA - 1) (2 ALPHA + 1)

(LILP + LILP ) C(JS(.7 LILQ - 2 LILQ ) (16 ALPHA2 - 3)
2.1 2 1“

- ------------------------ ------------------------ ------)

2 (2 ALP}!A -

+ (LILP + LILP ) (2 ALPHA
2

- 2 LILQ )/
1

COS(4 LILQ
2

#
1) (2 ALPHA + 1)

+ 1) COS(4 LILQ ALPHA + 4 LILQ ALPHA + 2 LILQ
1 2 1

.
L

4 (2 ALPHA - 1 ) - (LILp + LILP ) (2 ALPHA - 1)
2 1

“

ALPHA + 4 LILQ ALPHA - 2 LILQ + 2 LILQ )/(4 (2 ALPHA + l)’)
1 2 1

(LILP + LILP ) COS(4 LILQ ALPHA + 4 LILQ ALPHA)
2 1 2 1

+ ---------------- -------- -------- -------- -------- --

2 (2 ALPI?A - 1) (2 ALPHA + 1)

- (LILP + LILP )
2 1

COS(2 LILQ ALPHA
2

+ (LILP + LILP )
2 1

COS(2 LILQ ALPHA
2

2 (LILP + LILP

(4 ALPHA2 - ALPnA - 1)

+ 2 LILQ ALPHA + 2 LILQ - 2 LILQ )/(2 ALPHA - I)
1 2 1

(4 ALPliA2 + ALPHA - 1)

+ 2 LILQ ALPHA - 2 LILQ + 2 LILQ
1 2

) (2 ALPHA2 - 1) COS(2 LILQ ALPllA
2 1 “2

+ -----------------------------------.-------------.-,
(2 ALPHA - 1) (2 ALPHA + 1)

(LILP + LILp ) (64 ALpRA4 - 12 ALPRA2 + 3)
2 1

- -------. -------- ---------------- -----------
2

2 (2 ALPHA - 1) (2 ALPHA + 1)2

)/(2ALPHA + 1)

+ 2 LILQ ALPHA)
1

----------------

3 (LILP + LILP ) cos(2 LILQ - 2 LILQ ) (8 ALPHA2 - 1)
2 1 2 1

+ --------- --------------------------- -------------------
,

2 (2 ALPHA - 1) (2 ALPHA + 1)

(LILP ‘+ LILP ) COS(4 LILQ ALPHA + 4 LILQ ALP14A + 2 LILq - 2 T,ILO )
2 1 2 1

2(
2 1

--------------------------- --------------------------- ----------------

4 (2 AL?llA - 1)

N
Ld



2
(4 ALFIIA + 3 AL I’IIA+ 1) COS(2 LILQ AL PI!.A+ 2 LILQ ALP1lA -

2
2 LILQ

1 2

+ 2 LILQ )/( (ALPHA + 1) (2 ALPHA + 1))
1

2. (LILP + LILP ) (2 ALPHA2 + 1) COS(2 LILQ ALPIIA + 2 LILQ ALPHA)
2 1 2 1

. -------- -------- ------.- -------- -------- -------- -------------------
(2 ALPHA - 1) (2 ALPllA + 1)

4 2
(LILP + LILP ) (6fJALP}!A + 6 ALPHA + 3)

2 1
- ----------------- .......------- -----------

2 2
2 (2 ALPHA - 1) (2 ALPHA + 1)

(LILF + LILP ) COS(2 LILQ - 2 LILQ ) (8 ALPllA2 - 3)
2 1 2 1

+ ------- ------- -------------- -------------- ----------- 1
2 (2 ALPHA - 1) (2 ALPHA + 1)

(LILP + LILP ) COS(4 LILQ ALpHA + 4 LILQ ALPHA - 2 LxLq + 2 LILQ )
2. 1 2 “1 2 1

- -------------------------- ------------------------ ----------------------
4 (2 ALPHA + 1)

(LILP + LILP ) cos(4 LILQ ALpHA + 4 LILQ ALPWA)
2 1 2 1

- -------- ------------------------ --------------..4--
2 (2 ALP2iA - 1) (2 ALPHA + 1)

+ (LILP + LILP ) (ALPHA + 1) COS(2 LILQ ALPHA + 2 LILQ ALPHA + 2 LILQ
2 1 2 1

- 2 LILQ ) - (LILP + LILP ) (ALPHA - 1)
1 2 1

COS(2 LILQ ALPHA + 2 LILQ ALPHA - 2 LILQ + 2 LILQ )

+

+

+

+

2 1 2 1

2
2 (LILP + LILP ) (4 ALPNA + 1) COS(2 LILQ ALPHA + 2 LILQ ALPHA)

2 1 2 1
---------------------------- --------------------------- ------------

(2 ALPHA - 1) (2 ALPHA+ 1)

4
(LILP + LILP ) (64 ALPEA + 4 ALPHA2 + 3)

2 1
------------------------- -------- ----------

2 (2 ALPRA - 1)2 (2 ALPHA + 1)2

(Lsi,P + LILP ) cos(2 LILQ - 2 LILQ ) (16 ALPRA2 - 3)
2 1 2 1

---------------------------- -------------------------- )
2 (2 ALPHA - 1) (2 ALPUA + 1)

(LILP + LILP ) COS(4 LILQ ALPHA + 4 LILQ ALPHA + 2 LILQ - 2 LILQ )
2 1 2 1 2 1

4 (2 ALPPA - 1)

(LILP + LILp ) cos(4 LILQ ALpHA + 4 LILC ALpHA - 2 LILQ + 2 LILO )
2 1 2 1 2 1

--------------------------- --------------------------- ----------------
4 (2 ALPHA + 1)

(LILP + LILP ) COS(4 LILQ ALPRA + b LILQ ALPHA)
2 1 2 1

------------------------ ------------------------ --
2 (2 ALPHA - 1) (2 ALPRA + 1)

(LILP + LILr ) (ALpHA + 1) (4 ALpHA2 - 3 ALPHA + 1)
2 1

COS(2 LILQ ALPMA + 2 LILQ ALPHA + 2 LILQ - 2 LILQ )
2 1 2 1

/((ALPHA - 1) (2 ALP1lA - 1)) + (LILP + LILP ) (ALPHA - 1)
2 1



. . . .

(C2) /*Programs of Lie Transform Procedure for Hamiltonians,
B.ti.Char August 8, 1977

●/

Ll:[[LIEPRO,?\>,DSK,BWUCB] ,[EDITRu,?>],[VECOPS,?\>],[LIESIM,?>],[OPEVAL,?>],
[FUNCEV,?>], [CRUNCH, ?>],[LITNON, ?>11$

(C3) INPUT(L) :=APPLY(BATCH,L)$

(C4) MAP(INPUT,L1)$

(C5) /*The following state the basic formulas for the speciial case of the
lie transform naving to do with canonical transformations of Hamiltonian
systems. This particular transform praduces a canonical system with
Hamiltonian K free of terms involving C)[l]. The notation used is
from tiayfeh,and notes from McNamara (Mar., 197”7)

AV and II are special functional operators defined in McNamara’s
notes and further documented elsewhere in this lsting. PB is the
paiasan bracket aperator. OtlUIIlis the ith term of the Hamiltonian specified as
into to Lieprdc (see description of lieproc below).
●/

/* dkere any confusion might result, we uze the following standard natations
far translating between notes and prdgram:
Xu = uppercase x (possibly subscripted)
xl = lowercase x (possiuly subscripted)
xx = doubly subscripted x (e.g. xxl[i,j])
Xs = superscripted x (e.g. xls[n])

indexes suck as i,.j,n,mare unchanged
●/

TU[N1:=EVALLIEB2(OMU[N1 +SUM( BINOMIAL(N-l, J-l)-PB(OMU[ N-J),ESUIJI)
+BINOMIAL(N-l,J) *EKKU[ J,N-J],J,l,N-1))$

(C6) KUIO]: OMUIO]$

(Cl) KU[N]:=AV(TU[N])$

(cd) EKU[NI:=EVALLXEB2(KU[NI)$

(C9’) EKKU[J,11:=EVALLIEB2( PB(EKUII],ESUIJ])-
SUM(BINUMIAL(J-l,M-l )*PB(EKKU[ J-tI,ll,EsIJC1l), M,l,J-1))$

(C1O) SU[N]:= II(TUINJ)$

(Cll) ESU[l$I:=EVALLIEB2(SU[NI)$

(c12) QLS[Nl:=EVALLIEB2(MAP(EV,AppLy(LAMBDA ,[’DUMMYDWAIN,AppLy(VDIFF, [EWIN],pl) l))+SUM(BIN~MIAL(N-l,J)*QI-)LIJ,N-JI,J,l,N-1))$

(c13) QQLIJ,II:=EVALLIEB2(PB(QLS[I],ESUIJI)- SUM(BINWIAL(J-l,M-l )*PB(QQLIJ-M ,I],ESUIMI ),M,l,J-1))$

(c14) PLS[NI:=EVALLIEB2(MAP(EV,APPLY( LAMBDA, [’DUMklY~WAIN,-APPLy( VDIFF,[ESUIN],QI) ]))+WM(BI:!CIMIAL(N-1,J)*PPLIN-l, J],J,l, N-1))$

(c15) PPLIJ,I I:=EVALLIEB2(PB(PLS[I I,ESUIJI)-SUM(BINOMIAL(J-I,M-1 )*PB(PPL[J-M,II,ESUIMI),M,l, J-1))$

(c16) QUS[N](P,Q):=-QLSIN](P,Q)+SUM(BINOMIAL(N,J)*QQL[J,N-J](p,Q),J,l,N-l)$

N
UI

(CIY) PUS[N](P,Q):=-PLSIN](P,Q)+SUM(BINOMIAL(N,J)*PPL[J,N-J](p,Q),J,7,N-l)$



(C18) /* Lieprac is the procedure to call in order to actually get the
lie tranzfarm af something camputed. LIEPROC assumes that the Hamiltonian
function (e.g. H(p,q) :=p[ll+cos(p[21+3*q[21)*ep+sin(p[31+q[31)*ep”2 )
Iiasalready been typed in befarekand. L? is tke
description af the source space--the variables to be transformed. L1 must
De a series of: a vector variable name, followed by its (ttievector’s) length,
e.g. [littlep,3,11ttleq,3] would define the source space
to be six dimensional, the first three components referred to as littlep[l],
littlep[2], and littlep[3], the second three similarly.

L2 must contain a description af the destinatim space,
in a format similar to that of L1. For example, [bigp,3tbigq,31 could be a
description of a six dimensional space .

The value of N determines to how many orders
the transform shall be computed. EP should be the name of the small parameter
used in tbe Hamiltonian (Referred to as t2pSi10fl in mOSt

descriptions of the Lie Transform).
once called, LIEPHOC will cwnpute and print out, for a given order:

S (generating function), K, q-super-i and p-super-i (the i-th term af the trangfarmation from
the destination space to the source space--the ‘tinversetransform”), and
Q-super-i and P-super-i (the tran~farm from source to destination space).
S and K are expressed as functionz af two vector variables P and Q
(names ckosen arbitrarily, since the functions are independent of the
particular name ckoice for the origin and target spaces of the transform),
while the latter four results are expressions using the variables given
in L1 and L2.

●I
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/*Catalog vector-space information given in
LI and L2. Declare tne arbitrary vector variables used in the
functional definitions to be P and Q , with same dimension as those
given in L1 and L2 ●/

SPACE(L1,SQURCESPACE) ,
SPACE(L2,DESTSPACE),DOMAIN :RANGE:[],
DUMMYSPACE :[P,’’L1[2I,Q,’ ‘L1[4]I,
SPACE(DUMMYSPACE, DUMMY),
FOR I STEP 2 THRU LENGTH(LI) DO

(DQMAIN:ENDCONS(L1[I],DOMAIN),RANGE:ENDCONS(L2[I],RANGE)),
PRINT(DOMAIN,RANGE),OMUIO](P,Q):=AT(H(P,Q),[EP=O]),
QONE:DU:~}lYDOMAIN[21(ll,
PU:RANGE[ 11,QU:RANGE[21,
/nSet up simplification and evaluation rules for av,ii,pb operators*/
LISTOFSIMPRULES:

[’[pB(FTRUE,GTRUE), pBSIMp(PB(FTRUE,GTRUE))],
‘[Av(FTRUE),AVSIMP(AV(FTRUE) )1,
‘[I I(FTRuE),AvsIMP(II(FTRuE) )1,
‘[P6(FTRUE,GTRuE),PBvEcSIMp( pB(FTRuE,cTRuE))ll,

LISTOFEVALRULES:[ ‘[Pf3EVALUATION, PB(FTtNJE,GTRUE) ,
APPLY(PBEVAL,APPEND( [FTRUE, GTRUE],DUMMYDOMAIN) )],

‘[AvEvALuATIoN,Av(FTRuE) ,AEVAL(FTRUE)I,
‘[IIEVALuATION,II(FTRUE),IEVAL(FTRUE) 11,

MATCHDECLARE( [FTRUE,GTRUE,MTRUE] ,TRUE),
ADDONTORULES(LISTOFEVALRULES) ,
DYNAMALLOC :TRUE,KILL(LABELS) , /*Turn on automatic storage allocation, free avstorage space devoted to previously

used labels (relabel expressions starting from zero )*/

/*For each order zpecified, a)isolate i-th order of Hamiltonian,
b) compute and output S, K and coordinate transforms

●/
FOR I FROM 1 THRU N DO

(OMUII](P,Q):=COEFF(H(P,Q),EP-I ),
PRINT(’’ORDER“,1,” TERMS ARE--”),PRINT(’’’’),ADDONLISTOFSIMPS(LISTOFSIMPRULES),

PRINT(”S IS “,SU[ll),SKIP(2) ,KNOCKOFFLISTOFSIMPS(LISTOFSIMPRULES),
OUTDISP( ’ESUII],ESUII],DUMMYDOMAIN),ADDONLI ;rOFSIMPS(LISTOFSIMPRULES),
STORE(SU),
PRIiJT(”KIS “,KUII]),KNOCKOFFLISTOFSIMPS( LISTOFSIMPRULES) ,SKIP(2),
OUTDISP( ’EKUII],EKUII],DUMMYDOMAIN) ,
STOilE(KU),STORE(EKU),STOiiiZ(OMU),

0UTDISP(SUPEROUT(DO14AIN[2],I),QLSII],RANGE),
OUTDISP(SUPEROUT( RANGE[2],I),QUSII],DOMAIN),STORE(QUS),STORE(QLS),

OUTDISP(SUPEttUUT(DOMAIN[l],I),PLSII],RANGE),
OUTI)ISP(SUPEROUT(RANGEII],1),PUSII],DOMAIN),STORE(PLS),STORE(PUS)

,DYNiMALLOC:FALSE)$

(C19)’ /*SuPPleRIentalfUnctiOnS for outPut, evaluation, and rule addition-deletion*/

sKIP(I):=FOR J TilRUI DO PRINT(’’”)$

(C20) DUt4MYDWAIN:[p,Q]$

(C21) ADDONTORULES(L) :=BLOCK([I],FOR 1:1 THRU LENGTH(L) DO APPLY(DEFRULE,LIII))$

(c22) REMOVEFROMRULES(L):=BLOCK([I],FOR 1:1 THRU LENGTH(L) DO APpLy(REMRULE,LIIl[l]))$

(C23) OUTDISP(NAME,<UNC,DOM):=BLOCK([],PRINT(NA14E,”(“,DOM[ll,’’,’’,DOM[21,”):=“),
SKIP(I),LDISP(APPLY(FUNC,DOM) ),SK1P(3))$

(C24J SUPEROUT(NAME,I) :=IF 1=0 THEN NAME-”O” ELSE
IF 1=1 THEN NAME-”l”

ELSE NAtlE~I$



(C~O) /*Functions FOR wHoLESALE ADDITION/DELETION OF SIMPLIFICATION,ETC. */

ADwsIMP(FuNcExP,srMP) :=sIMPNAME[sIMp ]:AppLY(TELLSIMPAFTER, [FUNCExP ,sIMp])$

(c27) ADDONLXSTOFSIMpS(L) :=FOR I THRU LENGTH(L) DO APPLY(ADDSIMP,LIIl)$

(C2d) REMOVESIMP(FUNCEXP,SIMP):=IF SIMPNAMEISIMP][I] # FALSE
THEN SIMPNAMEISIMP] :APPLY(REMRULE,

[lNPART(FUNCEXP,O),
SIMPNAMEISIMP] [l]])

ELSE ERROR(”NO SUCH SIMP’’,SIMPNAME[SIMP][1])$

(C29) KNOcKoFFLISTOFSIMPS(L) :=FOR I THNI LENGTH(L) DO APPLY(REMOVESIMP,LII])$

(C31) I* Patterns and functions for componentwise pb in vectors */

PBVECSIMP(E):=IF PBPATO(E) # FALSE THEN MAP (COMPWISEPB,X) ELSE E$

(C32) COMPWISEPB(Y):=PBSIMP(PB(Y,FTRUE))$

(C33) HATCHDECLARE(LISTVAR,LISTP)$

MATCU14FASL DSK UACSYM being loaded
loading done

(C34) DEFMATCH(PBPATO,PB(LISIVAR,FTRUE) )$

(C35) la procedure to return a parameter lists given ane argument (vector)
of the functian damain of wtiichthe vector is a part of, i.e.
vparamlist(q) may return [p$q] if that ha~ been declared through space
function (see below). ●/

VPARAMLIST(X):=BLOCK([G,I,ITEMS,SP,TYX],TYX:GET(X,TYPE),
IF TYX = VECTOR

THEN (SP:GET(X,SPACENAME),ITEMS:GET(SP,SPACEDESC),G:[],
FOR I STEP 2 THRU LENGTH(ITEMS) DO

G:ENDCONS(ITEMS[l],G),RETURN(G) ))$

(C36) /*The use of the SPACE function declarres the dimensionality of certain
variables as vectors, and associates vectors with other vectars to be
considered as a space. This is necessary for proper evaluation of functions in situations in
which one

8
arameter of the function is all that is given in customary natation

(suck as d /dQ, where S is a function of two or more argunents, both of which
are vectors.

The call is of the form SPACE(L,NAME),

Example:

sPAcE([bigp,3,bigq,3],’bigsPace)

declares the bigspace is six dimensional, the firgt three component
collectively referred to as p, the second three as q. Thus , a particular
paint in tke space would be generally referred to as (p[l],p[2],p[3],q[l],q[2],q[3]).

Thi9 space declaration is necessary to insure proper function evaluation
when the arguments of varius functions are vectors
(like h(p,q):=p[l]+q[2]*p[3]n2).

●✏

SPAC,E(L,NAME):=BLOCK([I],PUT(NAME,L,SPACEDESC),
FOR I STEP 2 THRU LENGTH(L) DO

(PUT(LIII,NAME,SPACENAME),PUT(LII],vEcToR,TrpE),
PUT(LII],I.[I+l],DIM)))$

. .



. .

(C3”I) /* Vl)IFF performs camponentwise differentiation via vec!ars. Fisa
function (witk vector arguments), x is the name of a vector which is
an argument of f, e.g. VDIFF(F,X) is a vector

[dF/dX[l],dF/dX[2],... ]

●I

VDIFF(F,X):=BLOCK([G,TYX,ANS,I],TYX:GET(X,TYPE),
/*if x is a vector, return a vector of derivatives, df/dx[i] */
IF TYX=VECTOR THEN

(G:APPLY(F,VPARAMI.IST(X)),ANS:[I,FOR 1:1 THRU GET(X,DIM) DO
ANS:ENDCONS(DIFF(G,XII]),ANS) ,RETURN(ANS)))$

(C39) /* General !!eo,mPlexitYtlmeaure, attempting to drive eXpreSSiOriS to simPler
forms. A >> B if ttieexpression A is more complicated than the expression B.
The function “?great” is built in. */

REMOVE(’’>>’’,OERATOR)$)$

SYNEX FASL USI(MAXOUT being loaded
loading done

(C40) “>>’’(A,B):=
BLOCK(
IF A=B TtiENRETURN(FALSE),
IF ATOH(A) AND ATOM(B) THEN RETURN (?GREAT(A,B)),
IF ATOM(A) THEN RETURN(FALSE),
IF ATOM(U) THEN RETURN(TRUE),
RETuKN(?GREAT(A,B)))$

(c4~) /* make 1!>>!! an infix operator, same binding aS “>” ●I

INFIX (“>>’’,8O,8O,ANY,ANY,CLAUSE)$



(G42) /$ se: up simplification for pb “paiss~n Dracket” *I

I* firs? intraduce predicate so tkat bilinearity of pb can be handled #/

IPRED(X) :=IS(NOT(ATCH(X)) AND lNPA~T(X,O)= 11+11AND (FTlluE:INPART(X,l)-,GTRUE:X-FTRUE,TRUE))$

(Cuj) /*Four Simplificatiim rules of PB implemented:

a)

b)

c)

d)

●I

bilinearity Of PB (e.g. PB(a*f+b*g,c*h+z) =
acPB(f,h) + bcPL3(g,h)+
aPB(f,z) + aPB(g,z), where a,b,c are
constants, and f,g,h,z are functions)

PB(f,g) = -P6(g,f) if f>>g (i.e. f more complex than g as ordered
by complexity measure >> )

Jacobi’s rule PB(f,PB(g,ti)) = -PB(h, PB(f, g))-PB(g,PB(h, f))
if u>>f

PB(f,f)=6

MATCHUEGLARE([FTRUE,GTRUE,HTRUE] ,TRUE)$

(C44) MATCdDECLARE(IPAT,IPRED)$

(C45) DEFMATCH(PBPAT1,PB(FTRUE,GTRUE) )$

(C46) DEFMATCM(PBPAT2,PB(FTRUE,PB(GTRUE,HTRUE) ))$

(C47) IIEFMATCH(PBPAT3,PB(IPAT,HTRUE))$

(C48) DEFMATCH(PBPAT4,PB(HTRUE,IPAT) )$

(C49) PBSIMP(E):=BLOCK([FTRUE,GTNJE,HTRUE,M,I,IPAT,PARTI],
M:PUPAT1(E),
IFM= FALSE THEN RETURN(E),
IF (I:NUMFACTOR(FTRUE))#l THEN IF 1#0 THEN RETURN(I*PBSIMP(PB(FTRUE/I,GTRUE)))

ELSE PIETURN(O),
IF (I:NUMFACroR(GTRUE))#l THEN IF 11/0THEN RETURN(I*PBSIMP(PB(FTRUE,GTRUE/1)))

ELSE RETURN(0),
IF FTRUE >> GTHUE THEN RETURN (-pBSIMp(P9(GTRtJE,FTRUE)))

/0 pb(f,g) ==> - pb(g,f) */
,ELSEIF GTRUE=FTRUE THEN HETURN(O),

/* pb(f,f) ==> O ‘/
IF PBPAT2(E)# FALSE AND GTRUE >> FTitUETHEN

HETURN(-PBSIMP(PB(HTRUE,PBSIMP(PB(FTRUE,GTRUE))))-PBSIMp~~B(GTRUE,PBSIMP(PB(HTRUE,FTRUE) ))))
/* pb(f,pb(g,h)) ==> -pb(k,pb(f,g))-pb(g,pb(k,f))

ELSE
I* pb(a+b,c) ==> pb(a,c)+pb(b,c) */
IF PBPAT3(E)#FALSE THEN RETURN (PBSIMP(PB(FTRUE,HTRUE))+PBSIMP(PB(GTRUE ,HTRUE)))
ELSE

/d pb(a,b+c) ==> pb(a,b)+pb(a,c) */
IF P~PAT4(E)#FALSE THEN RETuRN(PBSIMP(PB(HTRUE,FTRUE))+PBSIMP(PB(HTRUE,GTRUE)))
ELSE /* return unchanged */ RETUHN (E) )$

(C50) /* Simplification rules for av and ii operators:
a) linearity of AV and II
b) av(ii(f))=O
c) av(f*ii(g)) = -av(g*ii(f)) if g >> f
d) av(pb(av(f), ,g)) = pb(av(a),av(b))
e) av(av(f)) = av(f)
g) ii(pb(av(f),g)) = pb(av(f),ii(g)))

●I

. .
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(C51) DECLARE(II,LINEAR)$

(C52) DEFMATCH(AVPAT1,AV(FTRUE*II(GTRUE) ))$

(C53) DEFMATCH(AVPAT2,AV(II(FTRUE) ))$

(C54) IIEFMATCH(AVPAT3,AV(PB(AV(FTRUE),GTRUE)))$

(C55) DEFMATCH(AVPAT3A,AV(PB(FTRUE,AV(GTRUE) )))$

(C56) DEFMATCH(AVPAT4,AV(AV(FTRUE) ))$

(C57) DEFMATCH(IIPAT1,II(PB(AV(FTRUE ),GTRUE)))$

(C58) DEFMATCH( IIPATIA,II(PB(FTRUE, AV(GTRUE))))$

(C59) AVSIMP(E) :=BLOCK( [FTRUE,GTRUE,I],

/* av(ii(x))=O ●/
IF AVPAT2(E)#FALSE THZN RETURJI(0)
ELSE /*av(a*ii(b)) ==> -av(b*ii(a)) if b>>a */

IF AVPArl(E)#FALSE THEN IF GTRUE>>FTRUE THEN RETURN (-AVSIMP(AV(GTRUE*II(FTRUE))))
ELSE I* return unchanged */ RETURN (E)

ELSE /* av(a) is independent Of ql, so av(pb(av(a)),b) ==> pb(av(a),av(b)) ●/
IF AVPAT3(E)#FALSE THEN RETURN ( PB(AV(FTRUE),AVSIMP(AV(GTRUE) )))
ELSE I;L~~PAT3A(E)#FALSE THEN RETUR~lJPBSIMP(PB(AVSIMP(AV(FTRUE)),AV(CTRUE))))

/* av(av(a)) = av(a)

IF AVPAT4(E)#FALSE TliENRETURN (AV(FTINIE))
ELSE /* ii(pb(av(a),b)) ==> pb(av(a),ii(b)) ●/

IF IIPATl(E)#FALSE THEN RETURN (PB(AV(FTRUE),AVSIMP(II(GTRUE))))
ELSE IF IIPATIA(E) # FALSE THEN

RETuRN(PBSIMP(PB(AVSIMP(AV(FTRUE)),AV(GTRUE))))
ELSE la return unchanged */ RETURN(E))$

(C61) /*Definition of the evaluation rules for II, AV, and PB. AVEVAL, and IIEVAL
evaluate a function at a paint, expand expressions until they become
.?iUins of terms f’ree of variable q[l] and/or term.?with only a single ,
sin or cosine in them, then perform the AV or 11 operatian on each term in the
sum. PBEVAL uses VDIfF and CRUSHDOT to perform vector differentiation and
dat products while not overtraining space requirements
for the dot product expre~sions. For all three procedures,
the routines TRIG!4ERGE,TRIGCKUNCH, and COLLECTTERMS are used to enforce
space economy.
●/

PBEVAL(F,G,P,Q):=BLOCK([A,B ,I,C,LENI,
IF VECTORFUNCP(F)

THEN (A:VDIFF(F,Q),B:VDIFF(G,P),C:[],LEN:LENGTH(A),
FOR 1 TI{RULEN DO C:ENDCONS(CRUSHDOT(AI I],E),C),A:VL)IFF(F,P),
!3:-VDIFF(G,Q),
FoR I T}iRULEN DO CIII:TRIGMERGE(CII],CRUSHDOT(A[11.B)).
RETURN(MAP(EV,APPLY(LAM13DA,[’DUMMYDOMAIN,C])))) -

ELSE RETURN(MAP(EV,
APPLY(LAMDDA,( ‘DUMMYDONAIN,

TNIGMERGE(CRUSHDOT(VDIFF(F ,Q),VDIFF(G,P)),
CRUSHDOT(VDIFF(F,P),-VOIFF(G,Q))
)1

)
)

))$
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ANSDOT:O,LEN:LHJGTH(A),
FoR lND:l THRU LEN DC)

(ANSDOT:TRIGNERGE(ANSDOT,THIGCRUNCH(A[ IND]*BIINDI))),
RETURN(ANSDOT) )$

(C63) AVEVAL(EXP):=BLOCK([I,A,NONX],
IF FREEOF(QONE,EXP) THEN RETURN(EXP)

ELSE (IF QONEINTRIG(EXP,QONE) THEN ( IF ODDP(MTRUE) THEN RETURN(0) ELSE-RETURN(MULTTHRU(NONX ,AVEVAL(ISOLA”rE(EXPAWD(TRi
GREDUCE(ANY) ),QONE)))))

ELSE (A:INP;~T~EXP O),
= It+ll

THEN RETURN(MULTTHRU(NONX*SUM(AVEVAL( INPART(EXP,I)/NONX),l,l,
LENGTH(EXP))))

ELSE (IF A = “*”
THEN RETURN(MULTTHRU(NONX,AVPROD( ISOLATE(ANY,QONE) )))
ELSE RETURN(ERROR(’’AVEVALCAN~T WORK ON”,

EXP))))))$

(C64) DECLARE(AVEVAL,LINEAR)$

(C65) AVPROD(EXP) :=BLOcK([Al,
A: ISOLATE(MULTTHRU(EXP),QL)NE) ,
IF NOT(PRODUCTP(A)) THEN RZTURN(AVEVAL(A))

ELSZ(A:ISOLATE(EXPAND(TRICREDUCE(A) ).QONE).
IF A#EXP THEN RETURN(AVEVAL(A)) ‘

ELSE RETURN(ERROR(’’AVPRODCAN’T WORK 0i4’’,A))))
$

(C66) DECLARE(AVPROD,LINEAR)$

(C67) PRODUCTP(X):=IS(NOT(ATOM(X)) AND INPART(X,O)=’’*”)$

(C68) ODDP(X):=IS(INTEGERP(X) AND NOT(INTEGERP(X/2)))$

(C69) AEVAL(F):=MAP(EV,AppLY(LAMBDA,[’DUMMYDOMAIN,TRIGCRLJNCH(AVEVAL(AppLY(F,DUMMYDOMAIN)))]))$

(c70) IEVAL(F) :=MAP(EV,APPLY(LAMBDA, [’DuMMYDOMAIN,TRIGcRuNcH(IIEvAL(AppLY(F ,DuMMYDOMAIN)) )l))$

(C71) IIEVAL(EXP):=BLOCK([A,NONX],
IF FREEOF(QONE,EXP) THEN RETURN(0)

ELSE (IF QONEINTRIG(EXP,QONE)
THEN (IF MTifUZ= 1

THEN (IF TRIGFUNC=COS
THEN RETURN(NONX*SIN(LININQONE)/CCOEF)

‘ELSE RETURN(-l*NOl{X*COS(LININQONE)/CCOEF))
ELSE RETURN(MULT’rliRU(N(lNX,IIEVAL(ISOLATE(

TRIGREDUCE(lSEEASINORCOSAMTRUE) ,QONE))))

ELSE (A:INPART(EXP,O),
IF A = “+”

THEN RETURN(MULTTHRU(NONX,SUM(IIEVAL(lNPART(EXP ,1)/NONX),I,l,
LENGTH(EXP) )))

ELSE (IF A = “*”
THEN RETURN(MULTTHRU(N(INX,lIPROD(ANY)))
ELSE ’RETURN(ERROR(’’IIEVALCAN’T WORK ON”,

EXP))))))$

(C72) DECLARE(IIEVAL,LINEAR)$

(C73) IIPROD(EXP):=13LOCK([A],
A:ISOLATE(MULTTHRU(EXP),QONE) ,
IF NOT(PKODUCTP(A)) THEN RETURN(+IIEVAL(A))

ELSE(A:ISOLATE(EXPAND(”rRIGRKOUCE(ANY)),QONE),
, IF A#EXP THEN RETUNN(IIEVAL(A))

ELSE,RETURN(EK[~d(’’fIpRODCAN’T ifoRKON’’.A))



* .

(C74) DECLARE(IIPROD,LINEAR)$

* .

(C75) VECTORFUNCP(F):=IF ATM(F)
THEN (IF FUNCTION

THEN (IF LISTP(APPLY(F,DUMMYDOMAIN) ) THEN TRUE))
ELSE (IF lNPART(F O) = LAi4BDA

THEN (IF LISTP(1NPART(F,2)) THEN TRUE))$

(C76) /*Variaus patterns are defined to kelp isolate trigonometricfunctions
occuring in expressions, necessary for av and ii evaluation as explained above,
also ffor TRIGCRUNCH, and TRIGMERGE (see below) */

NONZEROANDFREEOF(X,E) :=IF E # O AND FREEOF(X,E) THEN TRUE$

(C77) TMP(X):=IS(X = SIN OR X = COS)$

(C7d) TMP4(X,E):=IS(THIGPAT4(E,X) # FALSE)$

(C79) TMP5(X,E) :=IS(TRIGPAT5(E,X) # FALSE)$

(C8D) LINP(X,E):=IS(LIN(E,X) # FALSE)$

(C81) QONEINTtfIG(EXP,VAR):=Is(TRIGPAT3(EXP,VAR) # FALSE)$

(C82) MATCHOECLARE(TRIGFUNC,TMP,MTRUE,TRUE ,LININQONE,LINP(X))$

(C83) MATCHDECLARE(CCOEF,NONZEROANOFREEOF( X),EC)NST,FREEOF(X),ISEEASINORCOS,T)4P5(X))$

(C84) MATCHDECLARE(SINOR~STOAPOJER ,TMP4(X))$

(C85) MATCHDECLARE(NONX,FREEOF(X) ,ANY,TRUE)$

(C86) DEFMATCH(RJFPAT3,ANY*NONX,X )$
i40NX ANY PARTITIOIJS PRODUCT

(Cdl’) QONEINfRIG(E,X) :=IS(RJFPAT3 (E,X)#FALSE AND TRIGPAT4(ANY,X)#FALSE)$

(C83) DEFMATCH(TRIGPAT4,1SEEASINORCOS-MTRUE, x)$

(c&l!)) DEFNATCH(TRIGPAT5,TRIGFUNC(LININQDNE ),x)$

(C90) DEF’MATCH(LIN, CCOEF*X+ECON.ST,X)$

(C92) /*EVALLIEB2 is the top level operator evaluator. It handles expressions
consisting of sums and praduc%s of functions and Operators, and applies the programmed
operator evaluation rules, tken perfarms the specified arithmetic operations
(sums, products, and constant multiples) on the
functional result9, and returns a single function (in parameters P qnd Q)
as a result. *I

EVALLIEB2(X) :=FUNCEXPEVALUNEVAL(
APPLy(ApPLYB2, ‘[x,pBEvALuATION, AVEvALUAT1ON ,IxEvALuATIoN]),
DUMMYLICMAIN)$

(C93) FUNCTIONP(X):=IS(MEMBER(FUNCTION,APPLY(PROPERTIES,[X])))$



(C94). /*Procedures for evaluation of functional expressions. Functions must,
be all evaluated at a single paint, the resulting algebraic expressions
cambined into one expression, and that expression returned as a result*/

FUNCEXPEVAL(X,DOM) :=BLOCK( [A,E,I],
IF LENGTH(X) = O

THEN (XF CONSTANT THEN RETURN(X)
ELSE (IF ATOM(X!

Tt!12Y(IF FUNCTION
THEN RETURN(APPLY(X,DOM))
ELSE RETURN(X))))

ELsE (A:lNPART(X,O),
IF A = “+”

THEN RETURN(SUM(FUNCEXPEVAL(INPART( X.1) .DOM),I,l,.—-,
LENGTH(X)))

ELSZ (IF A = “Q”
THEN RETURN(PROD(FUNCEXPEVAL(INPART(X,1),

DOM),I,l-,
LENGTH(X)))

ELSE (XF A = “**”
“rHEN (A:l,

FOR I FROM LENGTH(X) STEP
-1 THRU 1 DO
(E:INPART(X,l),
A:FUNCEXPEVAL(E,DOM)

‘A).liETURN(A))
ELSE (IF A = LA14hDA

THEN IF INPART(X,l)=DOM THEN RETURN(INPART(X,2)) ELSE
RETURN(

APPLY(X,DOM))
ELSE RETURN(X))))))$

(C95) /*FUNCEXPElfAL takes an expression of functions, and returns a single
algebraic expression. FUNCEX?EVALUNEVAL then LAMBDA-bindsthat
expression, returning a function as tke result.fil

FUNCEXPEVALUNEVAL( X,DOM): =IF NOT(ATOM(X)) AND lNPART(X,O)=LAMBDA AND INPART(X,l)=DOM
THLi4 X
ELSE MAP(EV,APPLY(LAMBDA, [’DOM,

TRIGCRUHCH(FUNCEXPEVAL(X,DOM) )1))$

(C96) APPLYUP(F,DOM):= IF NOT(ATOM(F)) AND INPART(F,O)= LAMBDA AND INPART(F,l)=DOM
THEN INPART(F,2)
ELSE APPLY(F,DIJM)$

. .- -.



● ✎ ●

Oatch(crunck,?>)$

(C117) l*Functian~ and routines far simplifying expre~sins which are sums of
terms of the form

a*~in(w), a*COS(W) or a,

where a may be a product or sum itself, free of sin w co?ine terms,
w any arbitrary expressions. All the terms with similar sin or cos terrms are
collected into one term, e.g. a sum

a*~in(x)+b*sin(x)+a*cos(y)+d+e*cos(y)+f is simplified

to (a+b)*sin(x)+(a+e)*cos(y)+d+f

TRIGCRUNCH and TRIGMERGE attempt to expand products and sums
not of the proper form before using COLLECTTERMS to do the simplification,
using ordinary expansion and the multiple-angle formulas contained in the
built-in ~unction TRIGREDUCE. The expansion is carried out cautiously so
that space requirements are reduced for intermediate
expressions.
●I

NoNZEROANDFREEOFTRIG(X):=IF xoo ANI)(FREEoF(sIN,x)) AND (FREEoF(coS,X)) THEN TRUE ELSE FALSE$

(C1lB)HASTRIG(X):=lS(NOT(FREEOF(SIN,X)) OR NOT(FREEOF(COS,X)))$

(C119) SUMP(X):=IS(NOT(ATOM(X)) AND INPART(X,O)=’’+”)$

(C120) MATalDECLARE(~J~NTRIG,NONZEROA!iDFREEOFTRIG,TRIGGER,HASTRIG)$

(C121) DEFMATCH(TRIGPAT,NONTRIG*TRIGGER)$
TRIGGER NONTRIG PARTITIONS PRODUCT

(C122) TRIGCRUNCH(EXP) :=BLOCK([FTRUE, NONTRIG,TRIGGER,TRIGFUNC,FACTORFLAC ,ANS,A,B,I,J],
ANS:O,FACTORFLAG:FALSE,

IF SUMP(EXP)
THEN IF

ELSE IF

)$

MEMBER(FALSE,MAPLIST(OKAYTERM ,EXP))
THEH (A:O,

F6R J:l THRU LENGTH(EXP) DO
(A:T171GMERGE(A,TKIGCRUNCH(INPART(EXP,J)))),
RETURN(A)

)
ELSE RETURN(COLLECTTERMS(EXP))
PRODUCTP(EXP)
THEN IF TRIGPATP(EXP)

THEP~(A:MuLTTHRU(NONTRIG,
IF SUMP(TftIGGER)THEN TRIGCRUIJCH(TRIGGER)

ELSE IF PRODUCTP(TRIGGER)
THEN IF MEMBER(FALSE,MAPLIST(TRIGTOAPp,TRIGGER))

THEN TRIGCRUHCH(MULTTHRU(TtIIGGER))
ELSE EXPAIID(TRIGREI)UCE(EXPANL)(TRIGGER)))

ELSE EXpA:JD(TRIGREOUCE(EXPANI)(TRIGGER)))
),

RETURN(COLLECTTERMS(A))
)

ELSE RETURN(EXP)
ELSE RETURN(COLLECfTERMS(EXPAND(TRIGREDLJCE(EXPAND(EXP)))))



Ii NLJT(SU,YP(A)) lHiN hirulii(i)
ELSE iHILE(Si.J}lP(A))DO

(I:INpART(A,I),
IF TRIGPATP(I)

T!iEN (ET:EXPAND(TRIGGER).
B:CfJEFF(AET),A:SUBST(O ET A),
IF (c:coK}F(A,TRIGGER))dOi-HENA:SUBST(O,TRIGGER,A),
ANS:ANS+FACTOR(6+C) *ET)

ELSE (ANS:ANS+FACTOR(I),A:EV(A-1))),
IF TRIGPATP(A)

TilENRETURN(ANS+FACTOR(NONTRIG)*EXPAND(TRIGGER))
ELsE RETURN(ANS+FACTOR(A)))$

(C124) MATCHDECLARE( [MTRUE,FTRUE],TRUE)$

(c125) TMp2(x):=1s (ANYTRIG(X)#FAL.SE)$

(C126) DEFMATCH(ANYTKIG,TRIGFUNC(FTRUE) )$

(C127) TRIGPATP(X) :=IS(TRIGPAT(X)#FALSE)$

(C128) TRIGMERGE(X,Y):=BLOCK([MERGED,C1,A,ET

MERGED:O,
WHILE SUMP(X) DO

(A:IXPART(X,l),
IF TRIGPATP(A)

THEN IF TMP2(TRIGGER
THEN (ET:ExPi

NONTRIG,TRIGGER,TRIGFUNC,FTRUE] ,

ND(TRIGGER).
Cl:COEFF(X,ETj+CbEfF(Y,ET) ,
MERGED:MERGED+FACTOR(C1 )*ET,
X:SUBST(O,ET,X),Y:SUBST(O,ET,Y)

)
ELSE ERROR(A,” NOT IN PROPER FONM FOR TRIGMERGE$$,

X,Y)
ELSE (MERGED:MERGED+FACTOR(A),X:EV(X-A))

),
HETiJRN(MERGED+COLLECTTERFLS(X+Y))
)$

(C129) OKAYTERM(TERM) :=IS(
NOT liASTRIG(TERM) OR (TRIGPATP(TERM) AND ANYTRIG(TRIGGER)#FALSE))$

(C130) TRIGTOAPP(X):=IS(TRIGTOAP(X) # FALSE)$

(C131) DEFMATCH(TRIGTOAP,TRIGFUNC(FTRUE) :MTRUE)$

(C133)

,


